A 10 φ 9 contiguous relation is used to derive contiguous relations for a very-well-poised 8 φ 7 . These in turn yield solutions to the associated q -Askey-Wilson polynomial recurrence relation, expressions for the associated continued fraction, the weight function and a q -analogue of a generalized Dougall's theorem.
Introduction.
A deeper insight into the properties of classical orthogonal polynomials is obtained by studying their associated cases. For recent work on associated Hermite, Laguerre, ultraspherical, Jacobi, continuous Hahn, continuous dual Hahn, big q -Laguerre and big q -Jacobi polynomials see [2] , [4] , [8] , [9] , [11] , [12] , [14] , [15] , [23] . The most general case of associated q -Askey-Wilson polynomials [16] and their q → 1 limit, the associated Wilson polynomials, have also investigated [13] , [18] .
In this paper we examine the associated q -Askey-Wilson polynomial case using the methods of [18] . All of our parameters are, in general, complex. We essentially follow the notation in Gasper and Rahman [5] , except that we omit the designation q for the base in the q-shifted factorials and basic hypergeometric functions. Thus we have, with |q| < 1 , (1 − aq j−1 ), n > 0, or n = ∞,
The basic hypergeometric series r+1 φ r is r+1 φ r a 1 , a 2 , · · · , a r+1
The explicit form of monic q -Askey-Wilson polynomials is given by [1] :
P n (z) = P n (z; α, β, γ, δ) = αβ, αγ, αδ n αβγδ/q n (2α) n αβγδ/q 2n (1.1) × 4 φ 3 q −n , αβγδq n−1 , αu, α/u αβ, αγ, αδ ; q , z = u + u −1 2 which satisfy the three-term recurrence P n+1 (z) − (z − a n )P n (z) + b
Associated monic q -Askey-Wilson polynomials are defined [16] by introducing an extra parameter, say ǫ , through a shift the discrete variable n in the coefficients of (1.2).
Here we choose to replace n by n + (log ǫ)/(log q) so that q n is replaced by ǫq n . The new polynomial set P n (z; ǫ) is an initial value solution (
to the difference equation
The associated q -Askey-Wilson polynomials have been studied by Ismail and Rahman [16] . They derive contiguous relations for a very well poised 8 φ 7 series and then obtain two linearly independent solutions of the three-term recurrence relation for the associated [6] , [17] , he obtained a number of new continued fraction representations and discussed the spectral properties of the corresponding Jacobi matrix.
A weight function was obtained and his method gave a generalization of Dougall's theorem [3] which removed both the terminating and the balancing conditions.
The object of the present paper is to study the associated q -Askey-Wilson polynomials using Masson's approach [18] . In Section 2, following Wilson's method [22] , we derive a pair of three-term recurrence relations for very-well-poised balanced and terminating 10 φ 9 basic hypergeometric functions. From these recurrence relations and using certain known transformations [5] we obtain a number of explicit solutions to (1.3). Minimal solutions for different regions of the complex plane are identified. In Section 3, the associated continued fractions are obtained. In Section 4 we derive an expression for the weight function of orthogonality and a Wronskian identity which turns out to be the basic analogue of a generalized Dougall's theorem [18] .
Recurrence relation and solutions.
In a recent paper [10] we have derived contiguous relations for a very-well-poised balanced 10 φ 9 basic hypergeometric function
where one of the numerator parameters, say h , is equal to q −n , n = 0, 1, . . . , bcdef gh = a 3 q 2 and |q| < 1 . One such relation is
Note that we are using the notation φ(b−, c+) to mean φ in (2.1) with b replaced by b/q and c replaced by cq .
In (2.2), if we write h = q −n , g = a 3 q n+2 /bcdef and let n → ∞ , we obtain
For non-terminating 8 φ 7 , the convergence condition is |a
Renormalizing and simplifying, we obtain the associated Askey-Wilson recurrence
and a solution of (2.5) is therefore
with convergence condition |q/δu| < 1 .
The solution X A second linearly independent solution of (2.5) may be obtained with the help of the reflection symmetry transformation v → −v − 1 , (α, β, γ, δ) → (q/α, q/β, q/γ, q/δ) .
Using (see also [10] )
and renormalizing, we arrive at the solution
with convergence condition |δ/u| < 1 .
In order to obtain a third solution of (2.5) we make the following alterations in (2.2):
Interchange c and h , replace a, b, c, . . . , g by h 2 /a , hb/a , hc/a, . . . , hg/a respectively, put h = q −n , n being a positive integer, and reverse the 10 φ 9 series. This gives
. . .
Note that φ + (b−) and φ − (b+) refer to φ with (a, c, d, e, f, g, h) replaced by (aq 2 , cq, dq, eq, f q, gq, hq) and (aq −2 , c/q, d/q, e/q, f /q, g/q, h/q) respectively.
Taking the limit h = q −n → ∞ , g = a 3 q 2+n /bcdef → 0 , we obtain
In (2.9), writing
and renormalizing, we obtain a third solution to (2.5) given by to obtain this solution in a form which is symmetric in the parameters α, β, γ, δ .
We get the solution (omitting constant factors)
αβǫq n , αδǫq n , αγǫq n , βγǫq n , βδǫq n , γδǫq n ∞ (2.12)
where the convergence condition is |sq n−1 ǫ| < 1 .
The large n behaviour of X (4) n (u) is easily seen to be
while the corresponding solution
It is evident that X n (1/u) is sub-dominant (minimal) for |u| < 1 , |sq n−1 ǫ| < 1 .
We proceed to get another solution by making the following parameter replacements in (2.9): (2.14)
Note that this is just the reflection transformation that was used to obtain the solution
(1) n but now it is being applied to X
n . After renormalization, omitting constant factors and using the transformation [5, III.23, p.243] we arrive at the following solution
where the convergence condition is q −n+2 /sǫ < 1 .
Note that, when ǫ = 1 , the solution (2.15) is proportional to the Askey-Wilson polynomial P n (z; α, β, γ, δ) in (1.1) and can be used to give P n (z) in a form which is explicitly symmetric in its parameters. That is
A solution in which the convergence condition is independent of z and also independent of the parameters α, β, γ, δ can be obtained from (2.12) by applying the transformation ( [5] , III.24, p.243). This gives
with convergence condition q n+1 ǫ < 1 .
Since X 
Continued fraction representations.
The continued fraction associated with the difference equation (2.5) is
If b ′2 n = 0 , n ≥ 1 , by Pincherle's theorem [6] , [17] and Theorem 1 of Section 2 we have
, we have from (2.12),
qǫ, q/αu, q/βu, q/γu, q/δu W ǫ/u 2 ; ǫ, q/αu, q/βu, q/γu, q/δu −1 (u) , |u| > 1 , we obtain the continued fraction representation we obtain the identity G(α, β, γ, δ, ǫ, u) − G α, β, γ, δ, ǫ, 1/u = 1/u − u (1 − sǫ 2 /q 2 )
(1 − sǫ/q 2 ) (4.9) × αβǫ, αγǫ, αδǫ, βγǫ, βδǫ, γδǫ, ǫq/u 2 , ǫqu 2 ∞ αǫ/u, αǫu, βǫ/u, βǫu, γǫ/u, γǫu, δǫ/u, δǫu ∞ which is a q -analogue of Masson's generalization of Dougall's theorem [18] . ǫ = 1 gives a q -analogue of Dougall's theorem (see [3] ).
We can recover from (4.9) the following identity which we had obtained in our earlier paper ( [7] , (31), p.723) for ǫ = 1 , s = q m ; m = 1, 2, . . . , i.e. 
